This paper is devoted to path following control for electro-mechanical systems described by the port-Hamiltonian form. Path following control is investigated mainly for mechanical systems since the desired path is characterized by its 'position'. Therefore, most of the existing results use the nature of second order differential equations since mechanical systems are described by them. The present paper proposes a new path following controller for 3rd order differential equations described by the port-Hamiltonian form. This is done by generalizing the authors' former result on passive velocity field control for mechanical systems.
Introduction
Path following control, whose objective is to make the state of the system track the desired path, is an important task for control of mechanical systems. This control task is investigated mainly for mechanical systems for which 'position' plays an important role since the desired path is characterized by its 'position.' Therefore, most of the existing results use the nature of second order differential equations since mechanical systems are described by them. The purpose of the present paper is to provide a new class of path following controllers for electro-mechanical systems which are described by 3rd (or higher) order differential equations.
Most of the existing results for this problem use the distance between the current state (position) and its desired path. See, e.g., [1, 2] . However, it is difficult to measure the smallest distance between the current state and the desired path for complicated desired paths. Therefore several methods not using the distance are proposed to overcome this problem. See e.g. [3, 4, 5, 6] and the references therein. The authors proposed path following controllers in [7, 8] by generalizing the result in [6] . We re-formulated the existing results to cope with port-Hamiltonian systems and derive a path following control method applicable to a wider class of systems. Most of the existing path following control methods are only applicable to mechanical systems.
The authors' former result in [7] solves the path following control problem by adopting a virtual potential function which takes its minimum value on the desired path. The vector field of the feedback system with respect to the generalized momentum is designed in such a way that the virtual potential function decreases smoothly. The generalized momentum is decomposed into two elements. One is the direction tangent to the desired path (i.e. it is perpendicular to the gradient of the potential function), and the other is orthogonal to the former. Path following control is achieved by controlling the latter element since the potential function depends only on it. Although this method works for mechanical systems, it is not applicable to electro-mechanical systems directly since the two elements of the generalized momentum can not be controlled independently.
In the present paper, we propose a path following control method for electro-mechanical systems based on [7] . This method employs the virtual potential function. For the mechanical part of the system, the generalized momentum is decomposed in a similar way to the authors' former result. For the electronic part, the state is decomposed into three elements: 'gradient,' 'velocity,' and the rest. The potential function depends only on the 'gradient' element. The velocity to follow the desired path depends only on the 'velocity' element. Path following control is achieved by controlling the first element, while the velocity to follow the desired path is assigned by controlling the second element.
Problem Setting
Let us consider the following linear port-Hamiltonian system. The objective of the present paper is to make the state q track its desired path while to make the momentum p tracks its desired value. In the authors' former results [7, 8] , we proposed path following controllers with a very similar objective for the following port-Hamiltonian system.
The main idea adopted in the present paper is to regard q = (q T , p T ) T , p = ϕ and apply the idea of the path following control of the authors' former result. Please note that the plant system (1) taken in this paper does not have the form (2) since the left upper part of the matrix J¯(q, p) is non-zero for the system (1). The following section will show how to overcome this problem and how to derive a path following controller for the electro-mechanical system (1) . In this paper, the inner product and the norm are defined by
Main Result
This section gives themain result of the present paper path following control of the port-Hamiltonian system (1) based on the authors' former result in [7] . Here we assume that the desired path is characterized by the configuration state q. A potential function of q is designed in such a way that it takes its minimum value on the desired path and the momentum p is decomposed into two elements in a similar way to the former result.
Unlike the result [7] , the state has electronic part ϕ which is decomposed into three elements. Let us consider a potential function U (q) ∈ R which takes its minimum value on the desired path. More precisely, the potential function U (q) is chosen in such a way that the following assumption holds.
Assumption 1 U (q) ≥ 0 and it takes its minimum value 0 if and only if q is on the desired path. We call the value of this potential function U (q) potential energy. Furthermore, let us define the 'velocity' vector p w (q) on the phase space.
Assumption 2
The vector valued function p w (q) ∈ R l satisfies the following conditions.
In what follows, we consider a region close to the desired path on which p w (q) 0 holds and semi-global stability of the desired path within this region is discussed. The function p w (q) dose not always exist for all systems and the desired paths. For example, if the desired path crosses itself p w (q) dose not exist. Let p we (q) denotes the normalized version of p w (q), that is, p we (q) := p w (q)/||p w (q)|| M −1 . Due to Assumptions 1 and 2, if the state is on the desired path at t = 0, and if p is parallel to p we (q), i.e., there exists a scalar k(t) satisfying p(t ) = k(t ) p we (q(t )) for ∀t ≥ 0, then the state will stay on the desired path for all t ≥ 0.
Next let us decompose p into two elements: one is linearly dependent on p we (q) and the other is orthogonal to p we (q) which is denoted by p w (q, p) . That is, p is decomposed as where p (q, p) := <p we (q), p> M −1 and p w (q, p) := p − αp(q, p) p we (q).
According to the decomposition (3), we can decompose the kinetic energy as
Here K w (q, p) and K w (q, p) denote the kinetic energy with respect to the desired direction p we (q) and that with respect to the undesired one p w (q, p). As stated above, Assumptions 1 and 2 suggest that path following control is achieved if the potential energy U (q) takes its minimum value 0 and if the phase state p is parallel to p we (q). This means that the path following control is achieved if K w (q, p) + U (q) takes its minimum value 0. The velocity to follow the desired path is a function of q and αp(q, p), since q = αp(q, p)M −1 p we (q) if K w (q, p) + U (q) = 0. The time derivative of K w (q, p) +U (q) and αp(q, p) along the port-Hamiltonian system (1) is calculated as Let us define the vector ϕ w (q) := LK −1 p we (q) and ϕ ŵ (q, p) := LK −1 p w (q, p). By this definition, <ϕ w , ϕŵ > L −1 KmM −1 KmL −1 = 0 since <p w , p w > M −1 = 0 . Let ϕwe (q) and ϕŵ e (q, p) denote the normalized versions of ϕw(q) and ϕ ŵ (q, p) , that is,
When p w (t ) = 0, define ϕ ŵ e (q, p, t ) = lim∆t→0ϕ ŵ e(q, p, t −∆t). For continuity of ϕ ŵ e , let us adopt the following assumption. Assumption 3 There exists an integer i ≥ 0 such that d i p w (q, p)/dt i 0 for all time t. This Assumption means that (q, p) ∈ {(q, p)|p w (q, p) = 0} is not an invariant set for the closed loop system. Therefore ϕ ŵ e is continuous in t. In what follows, we denotes B := L −1 K m M −1 K m L −1 for simplicity.
Now ϕ is decomposed as
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with <ϕ we , ϕ w > B = <ϕ ŵ e , ϕ w > B = 0 where ϕ w (q, ϕ) := < ϕ we (q), ϕ> B , ϕ ŵ (q, p, ϕ , t ) := <ϕ ŵ e (q, p, t ) , ϕ > B and ϕw (q, p, ϕ , t ) := ϕ− αϕw(q,ϕ)ϕwe(q) − αϕŵ (q, p, ϕ, t ) ϕŵ e (q, p, t ). That is ϕ is decomposed into three elements: one is the element which is linearly dependent on ϕwe(q), another one is the element which is linearly dependent on ϕ ŵ e (q, p, t ) and the other is orthogonal to them which is denoted by ϕ w (q, p, ϕ). From Equations (4) and (6), d(U + K w )/dt is calculated as Therefore we can let the state of the system converge to the desired path by selecting αϕ ŵ in such a way that U + K w converges to 0 since ||p w || M −1 0 holds. Furthermore from Equations (5) and (6), dαp/dt is calculated as Therefore we can assign the velocity to follow the desired path by selecting αϕw in such a way that αp converges to its desired value.
In the sequel, a path following controller is designed by four steps. In the first step, a controller called nominal controller is applied to make αϕw, αϕ ŵ and || ϕ w || B constant in order to control them independently in Section 3.1. In the second step, another controller called asymptotic controller is added to make ϕ w (q, p,ϕ, t) converge to 0 in Section 3.2. In the third step, a controller called velocity controller is added to assign the desired velocity in Section 3.3. In the forth step, a controller called tracking controller is added to make the U(q) and K w (q, p) converge to 0 in order that state stays on the desired path in Section 3.4.
Nominal controller
This subsection gives the nominal controller whose objective is to make αϕw, αϕ ŵ and || ϕ ŵ || B constant in order to control them independently. Theorem 1 Consider the port-Hamiltonian system (1) with a vector pw(q). Suppose that Assumption 2 and Assumption 3 hold. Then αϕw, αϕ ŵ and || ϕ w || B are constant along the path of the closed loop system derived by the nominal controller defined by Here dϕwe/dt and dϕ ŵ e /dt are time derivatives of ϕwe and ϕ ŵ e along the port-Hamiltonian system (1) calculated as Let us consider a feedback system with the port-Hamiltonian system (1) with the feedback u = un + ū. The time derivatives of αϕw, αϕwˆ and || ϕ w || B along the closed loop system are calculated as
Asymptotic controller
Next let us introduce the asymptotic controller whose objective is to reduce || ϕ w || B . Theorem 2 Consider the port-Hamiltonian system (1) with a vector pw(q). Suppose that Assumption 2 holds and define the asymptotic controller by where a continuous function βa(q, p,ϕ, t)> 0 ∈ R is a design parameter. Then || ϕ w || B monotonically decreases and converges to 0 as t →∞ along the state trajectory of the closed loop system with the feedback u = u n + u a .
Velocity Control
This subsection gives the velocity controller to assign the velocity to follow the desired path. The velocity to follow the desired path is a function of q and α p (q, p), since ˙ q =α p (q, p)M −1 p we (q) when the system follows the desired path. Therefore the objective of velocity controller is to make α p (q, p) converge to its desired value α pr (q, t ).
Let us calculate the time derivative of α p −α pr along the state trajectory of the system (1) as This equation follows from Equation (5) . d(α p −α pr )/dt depends on αϕw bud dose not depend on αϕ ŵ and ϕ w . Therefore we define αϕwr(q, p, t) which is the desired value of αϕw as where a continuous function β v1 (q, p, t)> 0∈ R is a design parameter. If αϕw converge to its desired value αϕwr, then which says that αp converges to αpr. Hence the velocity controller makes αϕw converge to αϕwr. Theorem 3 Consider the port-Hamiltonian system (1) with a scalar function U(q), a continuously differentiable scalar function αpr(q, t) and a vector pw(q). Suppose that Assumptions 1 and 2 hold and define the velocity controller by where a continuous function β v2 (q, p, t)> 0 ∈ R is a design parameter. Then α p converges to α pr as t →∞ along the state trajectory of the closed loop system with the feedback u = u n + u a + u v .
Path following control
This subsection gives the tracking controller to make the system converge to the desired path. The system tracks the desired path when U + K w = 0. Let us calculate the time derivative of U + K w along the state trajectory of the system (1) as d(U + K w )/dt depends onαϕ ŵ bud dose not depend onαϕw andϕ w . Therefore we defineαϕ ŵ r (q, p, t) which is the desired value of αϕ ŵ as
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where a continuous function β t 1 (q, p, t)>0 ∈ R is a design parameter. If αϕw converges to its desired value αϕwr, then which says that U + K w reduces. Hence the tracking controller makes αϕ ŵ converge to αϕ ŵ r . Theorem 4 Consider the port-Hamiltonian system (1) with a scalar function U(q), a continuously differentiable scalar function α pr (q, t) and a vector p w (q). Suppose that Assumptions 1 and 2 hold and α pr (q, t) 0 for q satisfying (∂U/∂ q)(q) = 0. Define the tracking controller by where a continuous function β t 2 (q, p, t) > 0 ∈ R is a design parameter. Then α p converges to α pr as t →∞ and the state converges to the desired path along the state trajectory of the closed loop system with the feedback u = u n + u a + u v + u t if Assumption 3 holds.
Conclusions
This paper is devoted to path following control for a class of linear electro-mechanical systems. We decompose the state of the electronic part of the system into three elements in such a way that the conventional path following control method can apply. Then we can obtain a path following controller by which the position tracks the desired path while its momentum tracks its desired value as well. Although the proposed method is for a linear electro-mechanical system, it provides a new class of controllers for 3rd order differential equations which are not reported in the literature. The future work would consider the nonlinear versions of the proposed method.
